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Intertwining operator algebras and 
vertex tensor categories for affine Lie 

algebras 

Yi-Zhi Huang and James Lepowsky 
Introduction 

The category of finite direct sums of standard (integrable highest weight) 
modules of a fixed positive integral level k for an affine Lie algebra g is par- 
ticularly important from the viewpoint of conformal field theory and related 
mathematics. Here we call this the category generated by the standard g- 
modules of level k. A central theme is a braided tensor category structure 
(in the sense of Joyal and Street (ffj]) on this category, a structure explicitly 
discovered by Moore and Seiberg ||MS|| in their important study of confor- 
mal field theories. In [ MS |, Moore and Seiberg constructed this structure 
based on the assumption that there exists a suitable operator product ex- 
pansion for chiral vertex operators; this is essentially equivalent to assuming 
the associativity of intertwining operators, in the language of vertex operator 
algebra theory. Actually, Belavin, Polyakov and Zamolodchikov |[BPZ|| had 
already formalized the relation between the operator product expansion and 
representation theory in the context of conformal field theory, especially for 
the Virasoro algebra, and Knizhnik and Zamolodchikov |[KZ|| had established 
the relation between conformal field theory and the representation theory of 
affine Lie algebras. 



In | KL1 |-[ KL5 ], Kazhdan and Lusztig achieved a breakthrough by indeed 
constructing a natural braided tensor category structure, with the additional 
property of rigidity, on a certain category of ^-modules of level k, when 
k is sufficiently negative, or more generally, when k is in a certain large 
subset of C excluding the positive integers, and, particularly, proving that 
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this braided tensor category is equivalent to a tensor category of modules for 
a quantum group constructed from the same finite-dimensional Lie algebra. 
The method used by Kazhdan and Lusztig, especially in their construction 
of the associativity isomorphisms, is algebro-geometric and is closely related 
to the algebro-geometric formulation and study of conformal-field-theoretic 
structures in the influential works of Tsuchiya-Ueno-Yamada [|TUY[| , Drinfeld 
Dr ] and Beilinson-Feigin-Mazur [ BFM| | . (The work [BFM] discusses the case 
of the minimal models for the Virasoro algebra, and Beilinson informs us 
that a similar argument works for the case of the category generated by the 
standard ^-modules.) 

In the important work ||F1|| and [F2] , Finkelberg proved that the braided 
tensor category at positive level is tensor equivalent to a certain "subquo- 
tient" of the braided tensor category constructed by Kazhdan and Lusztig 
at negative level and is thus equivalent to a certain "subquotient" braided 
tensor category of quantum group representations. (Cf. also |[Va|| .) We have 
been informed by Finkelberg that the arguments in his paper [F^| can in fact 
be reinterpreted to actually give a proof of the coherence relations for the 
braided tensor category structure on the category generated by the standard 
g-modules of positive integral level k; this reasoning uses Kazhdan-Lusztig's 
result mentioned above constructing rigid braided tensor category structure 
at negative level, and it also uses Deligne's reformulation [D| ] of the no- 
tion of balanced braided tensor category. (Finkelberg also informs us that 
his arguments do not establish the coherence in a few cases, namely, those 
of g = E 6 ,E 7 ,E 8 , k = 1 or q = E 8 , k = 2, because of the corresponding 
restrictions at negative level in [ KLl j— [ KL5 |.) 

In this paper, we prove the associativity of intertwining operators (the 
existence of operator product expansion for chiral vertex operators) for the 
vertex operator algebras associated to affine Lie algebras at positive level, 
and we thereby construct directly the braided tensor category structure on 
the category generated by the standard g-modules of positive integral level, 
as an application of the general tensor product theory for representations 
of a vertex operator algebra developed in our papers [ |HLl| |- flEL6| ] and |HT - 
[H2j| . We also prove more general results, and in fact the methods in our 
general theory are very different from those in the works [ MS|| , | KL1| |-| KL5 1, 
[TTJY1 , [0], |BFM[ and [|FJ, |F2[ mentioned above. We hope that the 
present work helps illustrate the viewpoint that vertex operator algebra the- 
ory is the appropriate mathematical foundation for understanding the range 



2 



of conformal-field-theoretic structures, including the associativity of inter- 
twining operators and the braided tensor category structure. 

What the present paper specifically does is to use the works of Knizhnik- 
Zamolodchikov ||KZ|| , Tsuchiya-Kanie JTK], Frenkel-Huang-Lepowsky [|FHL 



Frenkel-Zhu [|FZ], Dong-Li-Mason pLM]] , Dong-Mason JDMf, Dong-Mason- 
Zhu [ pMZ|| and Li [ |L~T| ||L2|| to verify the technical conditions needed to apply 



our tensor product theory in the particular case of the conformal field the- 
ories associated with affine Lie algebras (or Wess-Zumino-Novikov-Witten 
models) and related models in conformal field theory; the main part of 
our construction is already contained in |[HL1 



and especially |HT 



EL|. We would like to emphasize that the fundamental ideas in the works 
Knizhnik-Zamolodchikov [ KZfl , Tsuchiya-Kanie |[1'K| ] and Frenkel-Zhu | ]FZ 
play essential roles in the present paper, as does the work |[FHL| . 
Our general theory in ||HLl| |- fIiLtj|| and | |H1 



FT2J (in the generality of 



suitable vertex operator algebras) was initially motivated by Kazhdan's and 
Lusztig's major series of papers jKLjJ - jKLS] . The category studied by Kazh- 
dan and Lusztig is significantly different from the category generated by the 
standard g-modules of level k. It is larger; it consists of the modules of level k 
of finite length and whose composition factors are irreducible highest-weight 
modules corresponding to weights that are dominant integral in the direction 
of g. For k in the range studied by Kazhdan and Lusztig, there are no nonzero 
standard g-modules of level k, and for k G Z+, there is no braided tensor cat- 
egory structure on the category considered by Kazhdan and Lusztig (as is 
pointed out in their work). Correspondingly, our methods are very different 
from Kazhdan's and Lusztig's, with an important exception: The defini- 
tion of the tensor product operation (for general vertex operator algebras) 
in our work (see |[HLl|| - fHL~^1 ) is analogous to and was inspired by that in 
[KL1| |- |KL5|| . However, our approach is based on a certain determination of 
the tensor product module (see |HL1 ] ||HL5|| ). Moreover, the construction of 
the associativity isomorphisms (see | |H1| |) uses a completely different method 
from the one in |[KL1|| - ||KL5| |; a large amount of the information needed in the 
proof of the necessary coherence properties (i.e., the pentagon and hexagon 
properties) is already encoded in the associativity isomorphisms. 

The associativity of intertwining operators for the vertex operator alge- 
bra associated to an affine Lie algebra at positive level proved in this paper 
implies that the direct sum of all inequivalent irreducible modules for the 
vertex operator algebra forms an intertwining operator algebra, in the sense 
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of |H§, |H§ and |H5[ 
called a "vertex tensor category 



We are also able in fact to obtain what we have 

HL| and fHLCj) 



which is 



structure (see 

much richer than a braided tensor category structure; it is defined in terms 
of certain moduli spaces of genus-zero Riemann surfaces with punctures and 
local coordinates, equipped with the sewing operation (see [ H4 ] ) . Vertex ten- 



sor category structure automatically yields braided tensor category structure 
by the process of ignoring the conformal-geometric information and retaining 
only the topological information. We further obtain the corresponding results 
for certain vertex operator algebras slightly more general than those associ- 
ated with the WZNW models. As we said above, we do this in this paper by 
verifying the technical conditions needed to apply our general theory. 

It was proved in [ [Hlj ] that the existence of the associativity isomorphisms 
is equivalent to the associativity of intertwining operators, in the language of 
vertex operator algebra theory. In their fundamental paper [ TK\ , Tsuchiya 
and Kanie studied (in the special case g = s[(2,C)) correlation functions 
constructed from products of several intertwining operators, and they used 
these correlation functions to construct and study braid group representa- 
tions. Their main tool was the classic Knizhnik-Zamolodchikov differential 
equations \KZ\. In the present paper, we use this same method to verify a 
basic technical condition, namely, the convergence and extension property, a 
key condition needed for the application of the main associativity theorem 
in ||H1|| . However, the definition of intertwining operator (or chiral vertex 
operator) in [fTKH is different from the one in [|MS| or the one in |FHL|1 . The 
definition in [|I'K|| (as in many other works) is restricted to primary fields 
(i.e., intertwining operators in the sense of |[FHL|| associated with the low- 
est conformal- weight vectors of a module), and the iterated action of g on 
these operators is also fundamentally used. This restricted definition of inter- 
twining operator is intimately related to the prevalent notion of correlation 
function based on certain Lie algebra coinvariants (as in [KT1]-[]KL5], for 
example). Our notion of correlation function is instead based on products of 
intertwining operators in the sense of |[FHL|| . 

The "nuclear democracy theorem 



in 



I'K|] can in fact be reinterpreted as 



asserting the equivalence of these two different notions of intertwining opera- 
tor in the case g = st(2, C), but iterates of intertwining operators themselves, 
essential to the formulation and proof of the associativity of intertwining op- 
erators, were not studied in [ TK| | . The proof of the results in [[TK|| necessary 
for the construction of the braid group representations used the KZ equations 
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as well as certain algebraic constraints based on null-vector conditions. 

The notion of intertwining operator in [ FHL|| (which we use in the present 
paper) is the notion that is natural from the general perspective of vertex 
operator algebra theory. (The starting point is the Jacobi identity for vertex 
operator algebras |[FLM|| ; cf. 0.) In fact, the theory in ||HLl|| - pL6|| and 
pi|| -[ [H2|1 , based on this notion, automatically incorporates the correspond- 



ing algebraic constraints and the subtlety of "nuclear democracy" at every 
stage, and the theory works in considerable generality. This notion has led 
us to consider iterates of intertwining operators, to formulate the associativ- 
ity of intertwining operators (in terms of such iterates) and to formulate a 
"compatibility condition," which was used to construct our tensor products 
in | |Hk3| | and |HL4] | . On the other hand, it was shown by Li |L~T| ] fb3| that 
the "nuclear democracy theorem" generalizes to any g, and thus for any g, 
the notions of intertwining operator in the sense of \TK\ and in the sense of 
[ [FHL|| are indeed equivalent. 

In ||B1| , the associativity of intertwining operators was proved using our 
theory of tensor products of modules for a vertex operator algebra developed 
in [|HL3|| , [|HL4|| and [|HL5|| when the vertex operator algebra is rational in the 



sense of [ HL3 ] and satisfies certain additional technical conditions. Combined 
with the results of Moore and Seiberg |MS|| , the result of |[H1|| served to con- 



struct a natural braided tensor category structure on the category of modules 
for such a vertex operator algebra. We also showed in [H2| and [|HL6|| that 
when the vertex operator algebra contains a rational vertex operator subal- 
gebra (but may itself not be rational) and satisfies the additional technical 
conditions mentioned above, we still get a braided tensor category structure 
such that the tensor product bifunctor is the bifunctor E3p(i) constructed in 
and in fact we get a vertex tensor category structure. In 



HL5 



H2 , it was 



verified that for a vertex operator algebra containing a vertex operator sub- 
algebra isomorphic to a tensor product of minimal Virasoro vertex operator 
algebras, the technical conditions for the applicability of the tensor product 
theory are satisfied. Thus the category of modules for such a vertex operator 
algebra has a natural vertex tensor category structure and in particular, a 
natural braided tensor category structure. 

In the present paper, we work in the following generality, somewhat 
greater than the generality of vertex operator algebras associated with g 
and positive integral level k: We verify that for a vertex operator algebra 
containing a vertex operator subalgebra isomorphic to a tensor product of 
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vertex operator algebras associated with WZNW models, the technical con- 
ditions for the applicability of our tensor product theory are satisfied. (Recall 
from [ |FH1j| the notions of tensor product and subalgebra for vertex operator 
algebras; in particular, a subalgebra is required to have the same Virasoro 
element as the large algebra.) We thereby complete the construction of the 
desired vertex tensor category structure, and in particular, braided tensor 
category structure, on the category of modules for such a vertex operator 
algebra. In the special case of a vertex operator algebra associated with a 
WZNW model, we conclude in particular that the category generated by 
the standard g-modules of positive integral level k is indeed a braided tensor 
category. See Section 3 for the main results. 

The main tool that we use in this paper to verify our conditions is the 
classical system of Knizhnik-Zamolodchikov equations ||KZ|| . Since we work 



in the framework of the theory of vertex operator algebras, we include an 
exposition in the language of vertex operator algebras of the fundamental 
theorem in flKZj] that products of intertwining operators for a vertex op- 



erator algebra associated with an affine Lie algebra satisfy the Knizhnik- 
Zamolodchikov equations. Our treatment of this result is nothing but an 
adaptation of the original argument in [K2|, except that we use the language 
of formal variables, in the spirit of the present theory; cf. the treatment 



of the Knizhnik-Zamolodchikov equations in WK\ . As in ||KZ|| and [TK 
the theorem that products of intertwining operators satisfy the Knizhnik- 
Zamolodchikov equations must be understood as an assertion about formal 
series and not about functions of complex variables, since one does not yet 
know at this stage that these products are convergent; in fact, the Knizhnik- 
Zamolodchikov equations are used to prove this convergence of products of 
intertwining operators. 

We assume that the reader is familiar with the statements of the main 
results of [pLl|| - |pL6| and [|H1|| - [|H2|| . We use the basics of formal calculus and 
vertex operator algebra theory as presented in JFHLJ, for example. We shall 
assume in this paper that in the definition of module for a vertex operator 



algebra, the grading is by C, not Q (see Remark 4.1.2 in [ FHL" |). Also, recall 
that a module by definition has two grading-restriction properties — finite- 
dimensionality of the weight spaces and lower truncation of the grading, and 
in this paper, when we assert that a structure is a module, these restrictions 
are often the main issue. 

In Section 1, we briefly review vertex operator algebras associated with 
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affine Lie algebras and their representations. The results in this section are 

El)- 



DL and 



In Section 2, we 



due to Frenkel and Zhu ||FZ|| (see also 
present our exposition that products of intertwining operators for a vertex 
operator algebra associated with an affine Lie algebra satisfy the Knizhnik- 
Zamolodchikov equations [ KZ|| . In Section 3, we use the Knizhnik-Zamolodchikov 
equations and results obtained in [pLl|| - pL6|| and ||H1|| 



H2|, combined with 



results in [DLM], [DM|, |DMZ], [FHL| and [LI], to prove our main results. 
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1 Vertex operator algebras associated with 
affine Lie algebras 

Let g be a Lie algebra over C equipped with an invariant symmetric bilinear 
form (•, •). The affine Lie algebra g associated with g and (■, ■) is the vector 
space ® [t, t^ 1 ] © Ck equipped with the bracket operation defined by 

[a®t m ,b®t n ] = [a,b}®t m+n + (a,b)m5 m+nfi k, 
[a®t m ,k] = 0, 

for a, b G 9 and m, n G Z. It is Z-graded in a natural way. Consider the 
subalgebras 

0± = © t^Cft* 1 ] and = © C of 
and the vector space decomposition 

= 0- ©0©Ck©0 + . 

Let M be a 0-module, viewed as homogeneously graded of fixed degree I G 
C, and let k G C. Let + act trivially on M and k as the scalar multiplication 
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operator k. Then M becomes a g©Ck©g + -module, and we have the C-graded 
induced g-module 

M k = U (g) ®c/( fl eckefl+) M > 
which contains a canonical copy of M, of degree /. 

Now we assume that g is finite-dimensional and simple. Let f) be a Cartan 
subalgebra, A the root system of (g, f)), A + C A a fixed set of positive roots, 
9 the highest root, K the dual Coxeter number of g, and (•,•): g x g —> C 
the Cartan-Killing form, normalized by the condition (9,9) = 2, where (•, •) 
is transported canonically to fj* x fj*. For a fixed A G fj*, let L(A) be the 
irreducible highest-weight g- module with highest weight A, assigned a ho- 
mogeneous degree in C. We shall use the notation M(k, A) to denote the 
graded g-module L(X) k (the degree of L(X) being suppressed in the nota- 
tion). Let J(k, A) be the maximal proper graded submodule of M(k, A) and 
L(k,X) = M(k, A)/ J(k, A). Then L(k,X) is the unique irreducible graded 
g-module such that k acts as k and the space of all elements annihilated by 
g + is isomorphic to the g-module L(X). Later we shall often use the same 
notations to denote elements of M(k, A) and of L(k, A). 

In the special case A = 0, L(0) is the one-dimensional trivial g-module 
(equipped with a homogeneous degree in C) and can be identified with C. 
Consequently, as a vector space and g_-module, M(k, 0) is naturally isomor- 
phic to the universal enveloping algebra C/(g_). We define a vertex operator 
map 

Y(-,x):M(k,0) -> (EndM^O))!^,^ 1 ]] 

V I — Y(v,x) = y^fn^ - " -1 
nGZ 

as follows: Identifying M(k, 0) with C/(g_), we note that M(k, 0) is spanned 
by the elements of the form ai(— n\) • • • a m (—n m )l, where a±, . . . , a m G g and 
77,1, • • • j G Z + , with a(—n) denoting the representation image of a®t n for 
a G g and n G Z (we shall use similar notation for other g- modules below). 
We use recursion on m to define the vertex operator map. For 1 G M(k, 0), 
we define Y(l,x) to be the identity operator on M(k,0) and for a G g we 
define 

y(a(-l)l,a;) = Y,a(n)x- n - 1 . 

nGZ 

Assume that the map has been defined for ai(— ni) • • • a m (— n m )l. Vertex 
operators for elements of the form ao(— no)ai(— ni) ■ ■ ■ a m (— n m )l are defined 
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using the residue in x± of the Jacobi identity for vertex operator algebras (cf. 
( |2.1|) below) as follows: 

Y(a (-n )a 1 (-n 1 ) ■ ■ ■a m (-n m )l,x) = 

= Res Xl (xi - x)~ n °Y(a (-l)l,x 1 )Y(a 1 (-n 1 ) ■ ■ ■ a m (-n m )l, x) 
-Res Xl (-x + x i y no Y(a 1 (-n 1 ) ■ ■ ■ a m (-n m )l,x)Y(a (-l)l,x 1 ). 

(1.1) 

(Here and below, binomial expressions are understood to be expanded in 
nonnegative powers of the second variable.) The vacuum vector for M(k, 0) 
is 1 = 1. In the case that k ^ —h", M(k,0) also has a Virasoro element 

i dimg 

where {5 ,l }i=i,...,dims is an arbitrary orthonormal basis of q with respect to 
the form (•, •). With respect to the associated grading, 1 has weight 0; the 
(conformal) weight of a homogeneous element is the negative of its degree. 
In ||FZ|| , the following result is proved (among other things): 



Theorem 1.1 If k ^ —h~, the quadruple {M(k, 0), Y, 1, u) defined above is 
a vertex operator algebra; in particular, Y(-,x) is well defined. 

Since J(k, 0) is a g-submodule of M(fc,0), the vertex operator map for 
M(k, 0) induces a vertex operator map for L(k, 0) which we shall still denote 
Y. We continue to denote the J(k, 0)-cosets of 1 and u in M(k, 0) by 1 and 
uj. The following result is an immediate consequence of Theorem |1 . 1|: 



Corollary 1.2 ([ [FZfl ) Ifk ^ —h", the quadruple (L(k,0),Y,l,uj) is a (non- 
zero) vertex operator algebra. 

We now discuss modules for these vertex operator algebras. For any k 6 C 
and A £ ()*, we define a vertex operator map 

Y(-,x) : M(k,0) -> (End M(k, X))[[x, x' 1 }} 

using recursion, just as in ( |1 . 1| ) . As in Theorem |1 . 1| , this is well defined. The 
induced map 

Y(-,x) : L(k,0) -> (End L{k, X))[[x, x' 1 ]] 

is well defined under the conditions given in the following result, also proved 
in ||FZ|| ; see also [|L2|| : 
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Theorem 1.3 For any k G C such that k ^ —h~ and any A G fj* loift 
A dominant integral (i.e., with dimL(A) < oo), the pair (M(k, X),Y) is 
a module for the vertex operator algebra M(k,0). In case k = 0,1,2,..., 
L(k, 0) is a rational vertex operator algebra and 

{L(k, A) | A G fj* is dominant integral such that (A, 9) < k} 

is the set of all irreducible L(k, 0)-modules up to equivalence. 



Remark 1.4 In the present paper, rationality for a vertex operator algebra 
refers to the definition in [ |HL3|| : the number of inequivalent irreducible mod- 
ules is finite, every module is completely reducible, and the fusion rules (the 
dimensions of the spaces of intertwining operators among triples of modules) 
are finite. The notion of rationality used in ||FZ]| was a different one, but the 
rationality of L(k, 0) in our sense in fact holds. 



Remark 1.5 When k G N, the vertex operator algebras L(k,0) and their 
irreducible modules can also be constructed explicitly using Fock spaces and 
tensor products. See [|B|, [[FLJyl|| and Chapter 13 of flDTJ . 



2 Products of intertwining operators and the 
KZ equations 

We give our exposition in this section of the following: When k G N, prod- 
ucts of intertwining operators for the vertex operator algebra L(k, 0) sat- 
isfy a system of differential equations with regular singular points called 
the Knizhnik-Zamolodchikov equations (or simply the KZ equations), which 
were first derived in | [KZ]| . The reason for our supplying this exposition was 
explained in the Introduction. The discussions and results in this section 
also hold for the vertex operator algebras M(k, 0) for any k G C such that 
k ^ -h". 

In this and the next section, we shall need a simple general principle for 
vertex operators and intertwining operators (see ( |2.3| ) below; cf. |DL|| , formu- 
las (13.24)-(13.26))). We shall use the basics of formal calculus as expressed 
in Section 2.1 of ||FHL|| , in particular, the binomial expansion convention. 
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-y(w, x 2 ) [ Res Xl x L 5 f — - ) Y(u, an) ) (2.1) 



Let be a vertex operator algebra, let Wn, W 2 , W3 be V^-modules and let 
y be an intertwining operator of type (j^^J • Then from the Jacobi identity 
defining y (see |[FHL|| , formula (5.4.4)), we obtain, by taking Res Xl , 

y(Y(u, XoM = (Res m x -^(^)y (B ,x 1 ))^,x 2 ) 

-i x ^2 - a n 

-ar 

for it G V and w eW 1 (cf. (Q). 
We shall write 

Y(u,x) = Y + (u,x) + Y~(u,x) (2.2) 

where Y + (u,x) = 2 n<0 u n x~ n ~ x and a;) = X)n>o u n x~ n ~ x are the reg- 

ular and singular parts of Y(u,x), respectively. Equating the parts of both 
sides of (|2.1| ) which are constant in xq, we obtain 

y(u^iw,x 2 ) = (Res Xl (x! - x 2 y 1 Y(u 1 xi)^y(w,x 2 ) 

+y(w,x 2 ) (Res Xl (x 2 - 2i) _1 F(w,an)) 
Res Xl x^5 Y + (u, an)) y(w, x 2 ) 

+y(w,x 2 ) (Res Xl x^S y~(u,xi) 

Res Xl x^5 (j^J Y + (u, x 2 )^j y(w, x 2 ) 

+y{w,x 2 ) [Res^x^S ( — ) Y~(u,x 2 ) 



.Xi, 

= Y + (u, x 2 )y(w, x 2 ) + y(w, x 2 )Y~(u, x 2 ) 

= °Y{u,x 2 )y(w,x 2 )° o , (2.3) 

where we define the "normal ordering" ° • ° by 

{u m w n if m < , 
w n u m if m > 0. { > 

Note that this particular normal-ordering operation is not in general com- 
mutative; moreover, the expansion y(w,x) = J2n^c w nX~ n ~ 1 involves nonin- 
tegral subscripts n in general. 
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Now we take V to be one of the vertex operator algebras L(k, 0) for fc£N 
or M(k, 0) for k G C, k 7^ —h". Let be any l^-module. For any g G g, 
we denote K(gr(— 1)1, x), F + (g(— l)l,x) and K~(<7(— 1)1, x), acting on W, 
by g"(x), g + (x) and g~(x), respectively. 

From (|J) and (|J) (note that c^" 1 ) = (^(- 1 ) 1 )-i)> we obtain 

1 dimj 
1 dimj 

m = 25f+vy£g = «*w)«*(»-i)= (^) 

for fiGZ, where for any g, g' G g, 

f g(r)g'(s) if r < s 

■ g(r)g'(s) := ^ l(g(r)g'(s) + g'(s)g(r)) if r = s 
{ </( s )fi'( r ) if r > s 

(cf. Proposition 13.4 and (13.35) in | pL|| ; in the present situation, the two 
normal orderings coincide). In particular, 

1 dim fl / \ 

= 9 ,, - 7 E E gWH - 1) + E - i)^(i) • 

A K + ^ J i=l \j<0 j>0 / 

If w G W is such that g{n)w = for n > and g G g, then 

-1 dim g 1 dim g 

= j—rz E (0)«; = j—rz E ^(-1)^. (2-7) 

Let n > 1, let W , . . . , W n -i be ^-modules, and let W n = V. We shall 
consider a product of intertwining operators of the form 

yi{w { i),xi)---y n {w {n) ,x n ) (2.8) 

for n > 1. Here iwm G L(Xi), where A; G f)* is dominant integral. Recall 
Theorem L3. In the case in which V = L(k,0) (k G N), we assume that 
(A/,0) < k and view L{\{) as the lowest conformal-weight space of the V- 
module L(k, A;), and in the case V = M(k, 0) (k 7^ —h"), we analogously take 
L(\i) to be the lowest conformal-weight space of the V-module M(k, A;). The 
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intertwining operator 3^ is of type ( L (^^Vj * n ^ e f° rmer case an d °f type 

(m(S7)VJ in the latter case - 

By the L{— l)-derivative property in the definition of intertwining opera- 
tor and 

{k + hr)^-yi{w {t) ,xi) = (k + hrwm-^w^Xi) 

dim a 



= E tg'Witfww'Bi):- ( 2 - 9 ) 
i=i 

For any g £ g and G L(/c, A p ) with p ^ I, 

\g(xi),y p (w(p),x p )] 

= Res^Xp 1 ^ fa— X ° ^j y p (g(x )w {p)j x p j 

= Res^x- 1 ^ - — — y P (Y, g{ 

\ X P / n<0 



l(n)x Q n W(p),x p ) 

\ / n<0 

X[ " 



, X P / 



and so 



[g ( x i),y p (w(p),x p )] = (xi-x p ) 1 y p (gw {p) ,x p ), (2.10) 
[g + (xi),y p (w {p) ,x p )} = -{-x p + xiY l y p {gw {ph x p ), (2.11) 

where we continue to use the binomial expansion convention. 

We introduce the following notation: For commuting formal variables 
X\ , . . . , x n , let 

/ \-i _ / (xi — Xp)^ 1 if I < p 

: [xi -x p ) : - < (_ Xp + x ^-i if p<l 



Consider the contragredient V^-module Wq (see ||FHL|| , Sections 5.2 and 
5.3) and let wL\ G Wq be a lowest conformal-weight vector. By ( p.9|) -( [2~Tl] ) 
and since 

(gT(xi)l = 0, 
(w'^igYix^u) = (2.12) 
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for any u G V, we have (for fixed /) 

(k + h~)^{w[ G) ,yi{W(i), Xi) ■ ■ -yniw^.Xn)!) 



E-7 

dim g 



= H : (xi ~ x p ) 1 : J2 ( w (o)> 3M w (i), xi) ■ • ■ y t (g l w { i h x t ) ■ ■ ■ 

■ ■ ■y p (g l W( 1 j),x p ) ■ ■ ■y n (w{n ) ,x n )l). (2.13) 
We define operators Qi p , for 1 < l,p < n with I ^ p, on 

(L(Ai) <g> • • • ® L(A n ))* 

as follows: 

dim g 

i=l 

Note that f2j p = We extend naturally to an operator on the vector 
space 

(L(Ai)<8> ■■■(8)L(A n ))*{a;i,...,x n } 

of formal series with arbitrary powers of the variables and with coefficients 
in (L(Ai) ® ■ ■ ■ ® L(X n ))*. In terms of these operators, ( |2.13|) becomes: 



Theorem 2.1 (Knizhnik-Zamolodchikov) Let V = L(k,0) for k E N or 
V = M(k, 0) fork GC, k^ -h". Let n>l, let W , . . . , W n -\ be V -modules, 
and let W n = V . Let 3^i, • • • , y n be intertwining operators, wm E L(\{) and 
w', Q \ G Wq as described above (see ($.8j) and ( \2.13j )), and define 



4>yi,...,y n e (£(Ai) ® • • • ® L(A n ))*{xi, . . . , x n } 

fry 

^i,...,yn(^(l) ® • • ■ ® W(n)) = (W(0)> 3^1(^(1), «l) ■ • • y n (w {n -),X n )l). 

Then for I = 1, . . . , n, 

(k + h-)^-<P yi _y n = £ ■ (*l - a*) -1 = ^<^i,...,3V D (2-14) 
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The equations ( |2.14j ) are the Knizhnik-Zamolodchikov equations (the KZ 
equations). They are easily seen to be consistent. Theorem p7T| gives: 



Corollary 2.2 Let k G N; let Xi G i)* , for I = 0, 1, 2, 3 ; be dominant integral 
weights satisfying (Xi, 6) < k; let W be an L(k, 0)-module; and let and y 2 
be intertwining operators of types ( L f]j: k x^w) and ( L , k x J^ L ^ k A \) , respectively. 
Define 

^yi,y 2 e (£(Ao)* ® £(Ai) ® £(A 2 ) ® L(A 3 ))*{:n, x 2 } 

^1,^(^(0) ®W( 2 ) ®tW(3)) = (w{ 0) ,yi(w {1)l X 1 )y 2 (w {2 ), X 2 )W {3) ) 

for w'^ G £(Ao)* C L(k, Ao)' one? u>^) G £(Aj) C L(A;, Az), I — 1, 2, 3. Then 



(* + *->*A* = 1* + (2 ' 15) 

3 The category of standard modules of a fixed 
level for an affine Lie algebra 

In this section we show that for the category of modules for a vertex operator 
algebra containing a subalgebra isomorphic to a tensor product of vertex op- 
erator algebras of the form L(k, 0), k G N, the intertwining operators among 
the modules have the associativity property, the category has a natural struc- 
ture of vertex tensor category, and a number of other important results hold. 
For the tensor product theory for modules for a vertex operator algebra, see 
HLl|- [pL6l and PIH|H2|. 



We need the following notion introduced in JEII ]: 



Definition 3.1 Let V be a vertex operator algebra. We say that products of 
intertwining operators for V satisfy the convergence and extension property 
if for any intertwining operators y 1 and y 2 of types (^^J and (y^), 
respectively, there exists an integer N (depending only on yi and y 2 ) such 
that the following condition holds: For any wm G W%, Wt 2 ) G W 2 , w^) G W3, 
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iO/qn G Wq with and iW( 2 ) homogeneous, there exist j G N, r i; Sj G K, 
for z = and analytic functions /i(z) on \z\ < 1, for i = 

satisfying 

wt + wt w { 2) + Si > N, i = l,...,j, (3.1) 

such that 



W (0)> 3^1(^(1), Xi)y 2 (W( 2 ), X 2 )W( 3 )) 



(3.2) 



is absolutely convergent when \zi\ > \z 2 \ > and can be analytically ex- 
tended to the multivalued analytic function 



J2z r 2 i (z 1 -z 2 ) Si f i 



i=l 



Z\ - z 2 

Z2 



(3.3) 



when \z 2 \ > \z\ — z 2 \ > 0; here "log" denotes the standard branch of the log 
function. 

Note that if the associativity of intertwining operators holds for V (see 
[H1|| - [|H21| and Theorem |3.8| below), then products of intertwining operators 



satisfy the convergence and extension property, so that this condition is neces- 
sary for the associativity of intertwining operators; to see that the expression 
in ( |3.8| ) below has the form ( |3.3| ), use the L(0)-conjugation formula (5.4.22) 
in fFHT}. 



We shall also use the concepts of generalized module, as defined in |HL3j 



and of weak module, as defined in [DLM|. Let V be a vertex operator 



algebra. A generalized V -module is a C-graded vector space equipped with a 
vertex operator map satisfying all the axioms for a ^-module except the two 
grading-restriction axioms. If there exists N G Z such that the homogeneous 
subspace of weight n of a generalized V^-module is when the real part of n 
is less than N, the generalized ^/-module is said to be lower truncated. 

A weak V -module is a vector space equipped with a vertex operator map 
satisfying all the axioms for a ^-module except those axioms involving a grad- 
ing. Dong, Li and Mason [ DEMfl have proved a stronger result than Theorem 
|1.3j — that for any k G N, a weak L(k, 0)-module is completely reducible and 
all the irreducible weak L(k, 0)-modules are in fact L(k, 0)-modules, as listed 
in Theorem |1.3| . In particular, a finitely generated lower-truncated general- 
ized L(k, 0) -module is a module (see also |[FZ|| and [JL"2 |, which use instead 
the notion of module in ||FZ]| ). 
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We also have that the tensor product vertex operator algebra L(ki,0) ® 
• • • <g) L(k m , 0), for any ki,...,k m G N, is rational, by the stronger result 
just stated, and by arguments in Section 4.7 of [ |FHL| ] and in Section 2 of 
PMZ]| ; see also [[Llf . Actually, for the complete reducibility of a module for 
the tensor product vertex operator algebra, one can alternatively argue as 
|FZ]| , |fL2j| and |DMZ|| using the notion of module in [|FZ]| rather than the 



in 



notion of weak module. (An argument essentially the same as this complete 
reducibility argument appears in fact in the proof of condition 1 of Theorem 
3.2 below.) 

The following result establishes the remaining conditions for the applica- 
bility of the tensor product theory (see ||HL1|| - [|HL6|| and ||H1|| - |H2]| ) to the 



vertex operator algebra L(k±, 0) ® • • • ® L(k m} 0): 

Theorem 3.2 For any m G Z + and k^ G N ; with % — 1, . . . , m, we have: 

1. Every finitely- generated lower-truncated generalized module for the ver- 
tex operator algebra L{k\, 0) ® ■ ■ ■ ® L(k m , 0) is a module. 

2. Products of intertwining operators for L(k\, 0) ® • • • <E> L(k m , 0) have the 
convergence and extension property. 

3. For any modules Wj, with j = 1, . . . , 2n+l, for L(ki, 0)®- • -<S>L(k m , 0); 
any intertwining operators y it with i = 1, . . . ,n, of types (w^^+i) ' 
respectively; and any w'r x \ G W[, W(2i) G Wn, with i = l,...,n, and 
w {2n+ i) G W 2n +i, 



{w' (1 ), yi(W( 2 ),Xl) ■ ■ ■ y m (vJ(2n),X n )W(2n+l)} 



(3.4) 

s rlog* i) l<i<n, r6C 



is absolutely convergent for any z±, . . . ,z n G C satisfying \zi\ > ■ ■ ■ > 
\z n \ > 0; here the choice of log Zi is arbitrary for each i. 

Proof. We first prove the theorem in the case m = 1. We have already 
verified the first condition in this case. 

To prove that products of intertwining operators for L(k, 0) have the 
convergence and extension property, we can assume that the W[, I = 0. . . . , 4, 
are irreducible since L(k, 0) is rational. Let Az G f)*, I = 0, . . . , 3, be dominant 
integral weights satisfying (Az, 6) < k, let W be a V^-module, and let and y 2 
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be intertwining operators of types ( L ^)w) and (l(M2)£(M3)) ' respectively. 
For w r , \ G L(Xq)* C L(k, A )' and G L(\i) C L(A;, A$), i = 1, 2, 3, we have 
already shown in the preceding section that (|3.2| ) satisfies the KZ equations 
( |2.15| ) and ( |2.16| ). Thus it is absolutely convergent when \z±\ > \z 2 \ > 0. 



The KZ equations have regular singular points. Using the theory of such 
equations (cf. JK]]), ( |3.2| ), as a solution of the KZ equations in the region 
given by this inequality, can be analytically extended to a solution in the 
region given by the inequality \z 2 \ > \zi — z 2 \ > 0, and the extension can be 
expanded as a suitably truncated series in rational powers of z 2 , z\ — z 2) log z 2 
and log(zi — z 2 ). Since by the definition of intertwining operator the original 
solution does not contain log^i or logZ2, the extension cannot contain log z 2 
or log^x — z 2 ), and so the extension must be of the form ( |3.3|) . We take N 
to be an integer such that holds for the and w', \ above and for the 
Si, i = 1, . . . ,j, appearing in the extension ( |3.3|) . Then N depends only on 



^Vi and y 2 . (This argument is the same as that in [TK and in the proof of 
Theorem 3.5 in [ |H2|| .) 

For general elements w', \ G L(k, \ )' and wy) G L(k, A;), with / = 1, 2, 3, 
we note that since the universal enveloping algebra U is in fact generated 
by the g(— 1) for g G g, the general elements are linear combinations of 
elements of the form g\{— 1) • • • g m {— l)w where to is a lowest conformal- 



weight vector and ^ G g. Using ( |2.3|) , (|2.10|) and we see easily that 



( w (o)> yi( w (i)> x i)y2(w {2) ,x 2 )w (3) } (3.5) 

can be written as a linear combination of expressions of the same form but 
with wL\ G L(Ao)*, W(j) G L(Xi), I = 1,2,3, and with Laurent polynomials 
in xi,x 2 and %i — x 2 (suitably expanded) as coefficients. In particular, the 
product yi(-,xi)y 2 (-,x 2 ) of intertwining operators is determined by the ex- 
pressions ( |3.5|) with the four vectors in the lowest conformal-weight spaces. 
Moreover, it is easy to see that for general tu[ )> w {i)i I = 1)2,3, (|3~2] ) is 



absolutely convergent when \z±\ > \z 2 \ > and can be extended to a mul- 
tivalued analytic function of the form (|3.3|) when \z 2 \ > \z\ — z 2 \ > 0; note 
that for n > 0, x{ n is to be written as x 2 n {l + {x\ — x 2 )/x 2 )~ n . In addition, 
each application of g(—l) to or u>( 2 ) introduces at most one expression 
(xi — X2)" 1 , and each application of g(—l) to w'^ or introduces no such 
poles. We make this explicit (proving the inequality (|3.1|)) by using induction 
on the sum of the weights of w'^ and the wq), I = 1, 2, 3: 
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Assume that the convergence and extension property holds when 



Wt w'( Q \ + Wt + Wt W(2) + Wt W(3) < q. 

Any homogeneous element of L(k,X) is either a lowest- weight vector or a 
linear combination of elements of the form g(—l)w where w has lower weight. 
Thus when 

Wt wL\ + Wt tU(i) + Wt W(2) + Wt U>( 3 ) = q, 

at least one of the elements w'/ \,w^,w^2), w {3) is a linear combination of 
elements of the form g{— l)w. We shall prove only the case = g(—l)ui(^ ) 
for some G L(k, the other cases being similar. 
By @D, 

y 1 (g(-l)iij ( i ) ,x 1 ) = ° g(x 1 )y 1 (w il) ,x 1 )° o , 

and so by (|2~T0l) , 



( w (o)> 3Mw(i), zi)3M«>(2)> Z2M3)) 

= - Z! + 1 V(0)> ^1)^2(^(3), Z 2 )tW(3)) 

pGN 

pen 

+(xi - xar 1 ^),;^ (u> ( i), Xi)3 ; 2(fi'w (2) ,X2)w(3))- (3.6) 

Note that the sums are finite. Since the sum of the weights of the module 
elements in each term of the right-hand side of (|3.6|) is less than q, by the 
induction assumption we obtain the desired conclusion for elements the sum 
of whose weights is q. This proves that products of intertwining operators 
for L(k,0) have the convergence and extension property. 

Using the KZ equations ( |2.14j ), the same method as for products of two 



intertwining operators shows that (p.4|) is absolutely convergent when \z\\ > 

■ > \z n \ > 0. 

We now prove the general case (m > 1). Let m > 1 and ki G N, for 
i = 1, ... ,m. Let W be a lower-truncated generalized module for L(k\, 0) (g> 
• • • ® L(k m , 0). We shall actually prove that W is a direct sum of irreducible 
modules, using arguments of [ FHL | and [ DMZ |. Any element w E W gener- 



ates a weak L(ki, 0)-module, i — 1, . . . , m. Recall that for any i — 1, . . . , m, 
any weak L(ki, 0)-module is completely reducible and the irreducible weak 



L{ki, 0)-modules are in fact the L(ki, 0)-modules listed in Theorem |1.3|. Thus 
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the weak L(ki, 0)-module generated by w is a finite direct sum of irreducible 
L(ki, 0)-modules. So the tensor product of these L(ki, 0)-modules for i = 
1, . . . , m, as an L(ki, 0) ® • • • <g>L(k m , 0)-module, is a finite direct sum of ten- 
sor products of irreducible L{k^ 0)-modules for i — 1, . . . , m. By Proposition 
4.7.2 in ||FHL|| , these tensor products of irreducible modules are irreducible 



modules for L(ki, 0) ® • • • ® L(k m , 0), and so we have a finite direct sum of 
irreducible L(fc 1? 0) ® • ■ ■ <8> L(k m , 0)-modules, which canonically maps onto 
the generalized L(k%, 0)® • • -®L{k m) 0)-module generated by w. This in turn 
is a finite direct sum of modules and so W is completely reducible. If W is 
finitely generated, it must be a module for L(k\, 0) <8> • • • <8> L(k m , 0). (This 
argument also works using the notion of module in ||FZ]| in place of the notion 
of weak module; cf. Proposition 2.7 of [ DMZfl .) 



Recall that for a vertex operator algebra V and V- modules W 1 , W 2 , Ws, 
the fusion rule J\f\y?w 2 is the dimension of the space V W ^ W2 of all intertwining 
operators of type (see |FHL|] ). By Proposition 2.10 of [ |DM§ (see also 



[[Lip, we have the following: Let m > 0, ki G N, V = L(&i,0)®- • -®L{k m , 0), 
and Wt = L(k\, \®) <E> • ■ ■ <8> L(k m , A$), for t — 1,2, 3, irreducible ^-modules 
(recall Theorem 4.7.4 of |[FHL|| ), and let y be an intertwining operator of type 

/ w \ L(ki A- ) 

(w w )• For convenience, we shall write the fusion rules AT , " , f2l0 
z = 1, . . . ,m, as Wj 3 /. Then there exist intertwining operators yf^ of type 

(l^aW) /j = 1? • • • * = 1; • • • ' m ' SUch that 

^-3;i _/v 3 ; m 

y= E ••• E y? ® • • • ® 3>ft"\ (3-7) 

il=l 'm = l 

where both the left- and right-hand sides are understood as linear maps from 
Wi <8> ^ to W 3 {x}. 

This result reduces the convergence and extension property for products 
of intertwining operators for the vertex operator algebra L(k\,0) (g) - • • ® 
L(k m , 0) to the corresponding properties that we have proved above (as in 
the proof of Theorem 3.5 in |H2"]). Similarly, the third conclusion of the 



theorem follows immediately from ( |3.7| ) and the case m — 1 proved above. 
□ 



Remark 3.3 The proof of the convergence and extension property for prod- 
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ucts of two intertwining operators and the proof of the convergence of prod- 
ucts of an arbitrary number of intertwining operators are basically the same 
as in [f J-'Kjj . But Tsuchiya and Kanie analytically extended these conver- 
gent products of an arbitrary number of intertwining operators to the whole 
configuration space and had to show that there are no logarithms of the 
variables occurring in the extensions, in order to construct the braid group 
representations. In our (more general) theory, we need only prove the ex- 
tension property of products of two intertwining operators, and also, this 
extension property requires only that products can be extended to the re- 
gion 1 22 1 > \zx — Z2 1 > 0. The extension property for products of an arbitrary 
number of intertwining operators to the whole configuration space then fol- 
lows from the convergence of the same number of intertwining operators, the 
associativity of intertwining operators (proved using the extension property 
for products of two intertwining operators) and skew-symmetry and other 
properties of intertwining operators. 

We now define the following class of vertex operator algebras: 

Definition 3.4 Let m G Z + , fcj 6 N. A vertex operator algebra V is said to 
be in the class km if ^ has a vertex operator subalgebra (with the same 
Virasoro element as V) isomorphic to L(ki, 0) ® ■ ■ ■ (g) L(k m ,0). 

For vertex operator algebras in this class, by Theorem 3.2 in |[H2|| and 



Theorem [O] above, the condition for the applicability of the tensor product 



theory remaining to be verified is the following: 

Proposition 3.5 Let V be a vertex operator algebra in the class Ck lt ...,k m - 
Then every finitely- generated lower-truncated generalized V -module is a V- 
module. 

Proof. The space V is a module for the (rational) vertex operator algebra 
L(kx, 0) <g) • • • ® L(k m , 0) and so is a finite direct sum of tensor products of 
irreducible L(ki, 0)-modules by Theorem 4.7.4 of ||KHL|. Since irreducible 



L(ki, 0)-modules are spanned by elements of the form gi(~l) ■ ■ ■ g m (—l)v 
where v is a lowest conformal- weight vector and gi G g, V is spanned by 
tensor products of elements of this form, where the needed lowest conformal- 
weight vectors range through a finite-dimensional subspace of V. Let W 
be a lower-truncated generalized ^-module generated by a single element w. 
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Then W is also a lower-truncated generalized L(k±, 0)®- • -<S>L(k m , 0)-module, 
and the L(k\, 0) <g> • • • <g> L(k m , 0)-submodule generated by w is a module by 
Theorem |3.2| . By a lemma of Dong-Mason [ DM ] and Li |L1| , W is spanned 
by elements of the form u n w where u G V, n G Z. Thus from (|2.3| ) for the 
vertex operator map associated with W, we see easily that W is a module. 
(Cf. the proof of Proposition 3.7 in |[H2 |.) □ 



Let F be a vertex operator algebra in the class Ck u ...,k m - For the conformal 
equivalence class P(z) of spheres with negatively oriented puncture oo and 
positively oriented punctures z and and with the trivial local coordinates 
vanishing at these punctures, recall the bifunctor Sp( 2 ) and the tensor product 
bifunctor G3p( 2 ) constructed in ||HL5|| . By Theorem [3.2| , Proposition |3.5| , and 
Theorems 3.1 and 3.2 and Corollary 3.3 in [H2], which in turn are proved 
using results in |[HLl| |- fRL6|| and ||H 1|| , we obtain the following results: 



Proposition 3.6 For any V -modules W\ 



and the P(z)-product (W\ 
W 1 and W 2 . □ 



*P{z) 



W 2 ,Y, 



and W 2 , WiRp^W 2 is a module 
^p(z)) is a P(z) -tensor product of 



Theorem 3.7 For any V -modules W\, W 2 and W 3 and any complex num- 
bers z\ and z 2 satisfying \z\\ > \z 2 \ > \z 1 — z 2 \ > ; there exists a unique 
isomorphism Ap^p^*^ from W 1 M P[zi) (W 2 M P{z2) W 3 ) to {W x M P{zi _ Z2) 
W 2 ) ^p( Z2 ) W 3 such that for any G W\, Wm) G W 2 and G W 3 , 

^P( Zl ),P(z 2 ) ( W (l) ®P(zi) (W( 2 ) ®P(z 2 ) W(3))) 
= (W(i) ®P( Zl -z 2 ) W( 2 )) ^P(z 2 ) W( 3 ), 

where 

%tXpiS Z2) '■ w * m p(^) W2 ®p(z2) W) -> Wi ^p(z 1 -z 2 ) W 2 ) m P[Z2) W 3 
is the canonical extension of Ap^7pk P \ . □ 



Theorem 3.8 (associativity for intertwining operators) 1. For any 

V -modules Wo, W\, W 2 , W 3 and W4, any intertwining operators and 
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y 2 of types Vil n . 
and log z 2 , 



w " ' and ( ), respectively, and any choice of log zi 



w 2 w 3 



c n =e nlog Zl) x n =e n log z 2 ^ ngc 



is absolutely convergent when \zi\ > \z 2 \ > for w'^ G Wq, G W\, 
W(2) G TV2 and G W3. For any modules Wq, W\, W 2 , W 3 , and W 5 
and any intertwining operators y 3 and y 4 of types (^^2) an< ^ ' 
respectively, and any choice of\ogz 2 and log(^i — z 2 ), 



X( ), ^4(^3(^(1), x )w {2) , x 2 )w {3) ) 



a .n_ e nlog(* 1 -» 2 ) ) x n =e nlog z 2 j ngt 



absolutely convergent when \z 2 \ > \z\ — z 2 \ > /or G PVq, 
W(i) G Wi, wq) G W2 and u>( 3 ) G W3. 

For any V -modules Wq, W\, W 2 , W 3 and W4 and any intertwining 
operators 3^1 and y 2 of types ( H ^ 4 ) and (y^Wa)> res P ec ^ ve ^y> there 
exist a module W 5 and intertwining operators y 3 and y 4 of types (J^Ws) 
and L^^Y respectively, such that for any z±,z 2 G C satisfying \zi\ > 
\z 2 \ > \z\ — z 2 \ > and any fixed choices of 'log z\, log z 2 and log^i— z 2 ) , 



„n — ~n log 21 ™n — ~n log z- 



W[ 0) , ^4(^3(^(1), X )W(2), X 2 )W( 3 )} 



1, x%=e nl °£ z 2, nGC 



c n_ e nlog(z^— z 2 ) x n =e nlot : 



z 2, nGC 



(3.8) 



for any w'^ G Wq, W(i) G W\, u>(2) G W 2 and W( 3 ) G W 3 



3. For any modules Wq, W\, W 2 , W 3 , and W 5 and any intertwining oper- 
ators y 3 and 3^4 of types (pj*^) an< ^ (wm^ 3 ) > res P ec tively, there exist a 
module W4 and intertwining operators and y 2 of types Lj^J and 

{yV2Wz) } respectively, such that for any z±, z% G C satisfying \z\\ > \z 2 \ > 
\zi — z 2 1 > and any fixed choices of logzi, logZ2 and log^i — z 2 ), 
j\3.Sj) holds for any wL\ G Wq, G W\, W( 2 ) £ W 2 and u>( 3 ) G W 3 . 



□ 
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Theorem 3.9 (commutativity for intertwining operators) For any V- 

modules Wo, W\, W2, W3 and W4 and any intertwining operators ^1 and y 2 
of types ( v J^/ 4 ) and [y^^^j , respectively, there exist a module W 5 and inter- 
twining operators y 3 and y 4 of types UjJ^rJ and (J^^J , respectively, such 
that for any w'^ G Wq, W(i) G W\, u>(2) G W2 andw(3) G W%, the multivalued 
analytic function 



w {oy Xi)y 2 (tU( 2 ), ^2)^(3)) 



Xl=Zl, X2=Z 2 



of Zi and z 2 in the region \z\\ > \z2\ > and the multivalued analytic function 



w (0)i 3M W (2), X 2 )y4(w {1) , Xi)W( 3 )) 



Xl=2l, £2=22 



of Zi and z 2 in the region \z 2 \ > \zi\ > are analytic extensions of each 
other. □ 



In |[H3|| , the notion of intertwining operator algebra was introduced (see 

]H3|| , we obtain: 



also ||H5|| and |[H6| ) . By Theorem 3.5 in 



Theorem 3.10 Assume that V is rational. Let A = be the set of 

all equivalence classes of irreducible V -modules. Let W ai , . . . , W am be repe- 
sentatives of a\, . . . , a m , respectively. Let W = II™ 1 W" 4 , and let V^ a ., for 

ai,aj,ak G A, be the space of intertwining operators of type fppS^<y)- Then 
(W,A, {V%£ a .}, 1,uj) (where 1 and to are the vacuum and Virasoro element of 
V) is an intertwining operator algebra. □ 

Recall the sphere partial operad K = {K(j)}j m , the vertex partial op- 
erads K c = {K c (j)}j eN of central charge c G C constructed in ||H4|| and the 
definition of vertex tensor category in [ HL2 | and [ HL6|| . For any c G C and 
j G N, K c {j) is a trivial holomorphic line bundle over K(j) and we have a 
canonical holomorphic section ipj. Given a vertex tensor category, we have, 
among other things, a tensor product bifunctor for each Q G K c (2). In 
particular, ip 2 (P(z)) G K c {2) and thus there is a tensor product bifunctor 
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Theorem 3.11 Let c be the central charge of V . Then the category of V - 
modules has a natural structure of vertex tensor category of central charge c 
such that for each z G C x , the tensor product bifunctor M^p^ associated 
with il)2{P{z)) G K c (2) is equal to ^pt z ) constructed in □ 



Combining Theorem |3.11| with Theorem 4.4 in |HL2j| (see ||HL6|1 for the 
proof), we obtain: 

Corollary 3.12 Let V be a vertex operator algebra in the class £ki,...,k m - 
Then the category of V -modules has a natural structure of braided tensor 
category such that the tensor product bifunctor is Bp(i). In particular, the 
category of L{k\, 0)® • • -®L{k mi 0)-modules has a natural structure of braided 
tensor category. □ 

The special case V = L(k, 0) states (recall the terminology defined at the 
beginning of the introduction): 

Theorem 3.13 Fork G N ; the category generated by the standards-modules 
of level k has a natural structure of braided tensor category such that the 
tensor product bifunctor is Klpm. □ 
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